We initiate the study of total outer independent monophonic in graphs. A set of vertices of a graph is called a total monophonic set if is a monophonic set and its induced subgraph has no isolated vertices. The minimum cardinality of all total monophonic sets of is called the total monophonic number and is denoted by ( ). It is shown that For every pair , of integers with 2 ≤ ≤ and ≥ 2, there exists a connected graph such that ( ) = and ( ) = .
INTRODUCTION
Let = ( , ) be a graph and be the number of vertices and be the number of edges. Thus the cardinality of ( ) = and the cardinality of ( ) = . We consider a finite undirected graph without loops or multiple edges. For the basic graph theoretic notations and terminology we refer to Buckley and Harary. For vertices and in a connected graph , the distance ( , ) is the length of a shortest − path in . A − path of length ( , ) is called a − geodesic.
The neighbourhood of a vertex is the set ( ) consisting of all vertices which are adjacent with . The degree of a vertex , denoted by ( ), is the cardinality of its neighbourhood. A vertex is an extreme vertex if the subgraph induced by its neighbourhood is complete. A vertex in a connected graph is a cut vertex of , if − is disconnected. A vertex in a connected graph is said to be a semi-extreme vertex if ∆(< ( ) >) = | ( )| − 1. A graph is said to be semi-extreme graph if every vertex of is a semi-extreme vertex. An acyclic graph is called a tree .
A subset of ( ) is independent if there is no edge between any two vertices of this set. The independence number of a graph , denoted by ( ), is the maximum cardinality of an independent subset of the set of vertices of . A monophonic set of is a set V(G) such that every vertex of is contained in a monophonic path joining some pair of vertices in . The monophonic number ( ) of is the minimum order of its monophonic sets and any monophonic set of order ( ) is a minimum monophonic set of . A subset of ( ) is independent if there is no edge between any two vertices of that set. A total monophonic set of a graph is a monophonic set such that the subgraph induced by has no isolated vertex. The minimum cardinality of a total monophonic set of is its total monophonic number and is denoted by ( ). A total monophonic set of size ( ) is said to be a -set.
TOTAL OUTER INDEPENDENT MONOPHONIC NUMBER OF A GRAPH Definition 2.1:
A monophonic set ⊆ is said to be total outer independent monophonic set, abbreviated TOIMS if it is a total monophonic set and 〈 − 〉 is independent.The minimum cardinality of a total outer independent monophonic set, denoted by ( ) is called the total outer independent monophonic number of .
Example 2.2:
For the graph given in Fig.2 .1, it is clear that 1 = { 1 , 2 , 7 } is the monophonic set of so that ( ) = 3 . It is verified that the set 2 = { 1 , 2 , 6 , 7 } is the minimum total monophonic set so that ( ) = 4. Also, the set 3 = { 1 , 2 , 4 , 6 , 7 } is the outer independent total monophonic set and so ( ) = 5 . 
= 4 = and ( 5 ) = 4. Assume that for some graph , we have ( ) = 4. Let be a ( ) -set. If all vertices of belong to the set , then the graph has 4 vertices. Consequently, = 4 . Now let be a vertex of ( ) − .Since the set ( ) − is independent, the vertex cannot have a neighbour in .This implies that is a path 5 . Now, assume that for some graph , we have ( ) = .If has atleast 5 vertices, then it has a vertex, say of degree atleast 2. Let us observe that − { } is a independent set of the graph . This implies that ( ) ≤ − 1. Therefore, the graph has exactly 4 vertices and consequently, it is a path 4 . Proposition 3.14. Let be a graph. For every vertex of , we have
If ∉ , then observe that is a TOIMS of the graph − . Now assume that ∈ . Let us observe that ∪ ( )\{ } is a TOIMS of the graph − . Therefore,
′ be any ( − ) set. It is easy to see that ′ ∪ { } is a TOIMS of the graph .Thus ( ) ≤ ( − ) + 1.
Theorem 3.13. For every pair , of integers with 2 ≤ ≤ and ≥ 2, there exists a connected graph such that ( ) = and ( ) = . Proof. Case 1. If = . Let = 2 , then ( ) = 2 and ( ) = 2. Case 2. If = 2, = 3. Then for the graph given in Fig 2. 3, { , } is the minimum monophonic set of , so that ( ) = 2 and { , , } is the total outer independent monophonic set of , so that ( ) = 3. with , and . Also, each is adjacent to every . It is clear that 1 = { , } is a minimum monophonic set of , so that ( ) = 2 = . Also, 2 = 1 ∪ { } is the minimum total monophonic set of , and so ( ) − 2 is not independent. Therefore, 3 = 2 ∪ { 1 , 2 , … , −3 } is the total outer independent monophonic set of , so that ( ) = 3 + − 3 = . Let 1 = { 1 , 2 , … , −1 , } be the extreme vertices of . It is clear that 1 is the monophonic set of so that ( ) = . Also, 2 = 1 ∪ { , } is a total monophonic set of . Therefore, ( ) − 2 is not an independent set. Now, it is clear that 3 = 2 ∪ { 1 , 2 , … , − −2 } is the TOIM set of so that ( ) = + 2 + − − 2 = .
Case 5. If ≥ 3, ≥ 4, = + 3. Let be the graph given in Fig.2 4 and joining each (1 ≤ ≤ − 2) with 3 . Let 1 = { 1 , 2 , … , −2 , 1 , 5 } be the set of all end vertices of . It is clear that 1 is the unique minimum monophonic set of so that ( ) = . Let 2 = 1 ∪ { 2 , 3 , 4 } . It is clear that 2 is the total outer independent monophonic set of and ( ) − 2 is independent. Therefore, 2 = + 3 = . 
